
Application :

prop. let F be a field and E' = FISH
.

let GE F' a finite Subgp .

Then G is cyclic
In particular, E' is cyclic if F is a finite field .

Pf . GE Zepp x - - i × 2 prsr .
let m-- Lcn c p,

"
.

- r

; pr 's .

Then g
"
--2 Fg GG

.

In other words . all the ett of G are the roots of
Xm-2 over F

.

But Xm- I has at most m moots in a field .

So late m
.

This la km and G is cyclic I.

Computation of quotient groups.
observation

: If G- is abelian
,
then GIN is abelian

cyclic cyclic .

Example . 6=22×24. NE Zz
.

Case 2 : N = 22×903 E G.

Then GIN a- By
Case 2 : N = sci , za > EG

.

Then GIN = s = By
.

Case 3 : N= C (0,237 EG
.

Then GIN E ZaX Zz



So the quotient GIN depends not only on
the isour class of N,

but also on how N sits inside G
.

Example .

let 6=24×26, N =L Cz
,
387 E G

.

Compute the quotient 61N.
First

,
the order

.

I G IN k lat Hut = 24/2--12 .

By classification thin , 2 abelian gps : 22×216 and 2am
The difference between these 2 gps is that the

font gp does not have an ett of order 4.
Note that Cl , OHN has order 4 in GIN .

So GINE Biz
.

In font , C l
,
17 -1N is a generator .

Next topic : to measure how a gp is different from
"

abelian
"

.

Def . The center of a
ZCG) = { StG I sit xg tf x GG }

Prop .
ZCG) o G

.

Pf . ① cheek 2063 is a subgp .

I a E- ZCGI .
So nonempty .



If 9 , .fr C- 2667, then Xcg, A)= (X 9,182=8 , X) I

= 9, cxgr) = 9, CSX) -49 , 2)X.

Also gy = X 9, .

So 9,
- '
X = xg,

-1
.

So ZCG) Subgp .

② Normality . let a E G . SENG,

then

a ga
-I
= gaa

-I
= g .

So normal . I

Rmk
.

G is abelian iff ZCG)- G.
Example : Zi Suk 113

. if n >3.

Def . [ G. a ] is the subgp of a generated by aba
- '5' for a. 8th

.

Bop . He G. GI O G
.

(2) For a normal subgp NOG , GIN is abelian iff e G.GI EN.

Rmh
.
Gleb

,
is called the abelianbutton of G.

Lem
.
Let SCG be a subset .and Hs be the sutgp gem by S .

If gsst-S.tt SEE, then Its OG.

Pf . Hs = fait ' - - ai ' I a. c- S3 .

So 9 Cat ' - - - aight Ig -I = (ga, g
-y -4 - r - cgaug-154

So 9 Hs 9
" C Hs and Hs OG I



Pf of pwp.ch. let S= la la-15
' I a. tf 63

.

Then

g Caba
-I b -13¥ a ' b ' a' t b't

,
where a'⇒a g -I,

5=965'
.

So by ten ,

CG , GI = Hs O G .

② GIN is abelian ⇐ alow = anbN=bNaN= ban V-a.b.GG
⇐ a-'b -I ab E N Ha

,
b C- IG

⇐ a b a-15' EN t a.BEG

⇐ e G. GT EN.

Example . Let 6=53, then e G.atAs
.

Note that Az =L C 1232 ?

( 127C 131 C1251 (1351 = ( 12) (13 ) (12) (B) = ( 12) (23) = (123)
so Az EEG , GT.

On the other hand , As O G and GIA, a- Za abelian

So EG
,
GI E AB

.

Thus EG
.

G F-As

let H , N be subgp of G .

Then
HN : = fhn I HEH , n EN)

Tn general , HN Is not a subgp of a.



Prop. " tf N O G
,
then HN is a subgp of G

al tf H . No G , then HN o G
.

Pf . di HN 7913
.
So nonempty .

For hi
,
ha E H , hi , MEN,

Chin , Ilhunt = ( h . ha ) ( hi
'
n , hand G HN.

( h . n , 5
'
= ni

'
hi

'
= hi

'
ch

, ni
' hi

') GUN.

So HN is a subgp
let St G .

g HN g-I = Cg H g
- t) CSN g

-t
) = HN.

So HN o G
.

I

2nd isom thin
.

For Hc G and NO G.HN/N E WHAN .

Pf . Consider 4 : H→ HNIN
,

ht HN

This is a Sgp horn . Sung .
Ker 4- HAN .

So by 1st iso tha, HIMNE Umar.

3rd Isom th n.
. let h . Koh with ME k

.

Then

(Glu IKKIH ) E Alk
.

Pf . Consider GIN → Ghc , guts 8k .

This is well- defined. iswrj . gp horn .



Moreover her = KIM
.

So by 1st isom thin
(GIHHCKIM E Alk

'I


